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Abstract

This article gives an overview of adhesive contact for soft bodies and focuses on a general com-
putational framework that is suitable for treating a large class of adhesion problems. Thee
contact formulation is based on a non-linear continuum approach that is capable of describing
bodies down to length scales of several nanometers. Several finite element formulations are pre-
sented that introduce various approximations in order to increase the computational efficiency.
The approaches are illustrated by several examples throughout the text. These include carbon
nanotube interaction, adhesion of spheres, nanoindentation, thin film peeling, gecko adhesion
and self-cleaning surface mechanisms.

Keywords: adhesion, coarse-graining, computational contact mechanics, finite element method,
large deformations, peeling

1 Introduction

This article presents an overview of recent progress on the computational modeling of adhesive
contact. The demand for computational methods arises since the complexities inherent in
adhesive contact problems mostly preclude the use of analytical methods. These complexities
include the microstructure, large deformations, nonlinear material behavior and the multiscale
and multiphysical nature of many adhesion problems. Computations therefore form an essential
part, together with experimental methods, in the study of adhesive contact problems.

The first adhesive contact model that where formulated are the models of Johnson et al. (1971),
Derjaguin et al. (1975) and Maugis (1992), which are analytical models based on the Hertzian
contact theory (Johnson, 1985), which in turn is based on linear half-space theory. These models
are widely used but have several shortcomings as is explained in Sec. 6. With the availability
of increasing computational power, accurate computational contact models (Laursen, 2002;
Wriggers, 2006) became available. Recent developments in computational contact mechanics
are surface smoothing techniques (see Padmanabhan and Laursen (2001); Wriggers et al. (2001);
Stadler et al. (2003) for 2D approaches and Krstulovic-Opara et al. (2002); Puso and Laursen
(2002) for 3D approaches), mortar methods (see Yang et al. (2005); Fischer and Wriggers
(2006) for 2D and Puso and Laursen (2004a,b) for 3D approaches), constitutive contact models
for friction and adhesion (Raous et al., 1999; Sauer and Li, 2007a), time integration for impact
problems (Hesch and Betsch, 2008), multiscale methods for contact (Wriggers and Reinelt,
2009; Sauer, 2009b), and homogenization methods for contact (Temizer and Wriggers, 2008,
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2009). Most of the developments in computational contact mechanics are driven by macroscale
engineering problem so that formulations for very small length scales have received less attention.
At such length scales the approaches of molecular dynamics can be applied to contact problems
(Luan and Robbins, 2006; Sauer and Li, 2008; Yang and Persson, 2008). But they become
quickly inefficient for length scales exceeding several nanometers. Therefore it is advantageous
to use coupling methods, that combine atomistic and continuum descriptions, like the ‘quasi-
continuum method’ (Tadmor et al., 1996; Miller and Tadmor, 2002), originally formulated
for crystalline solids. The quasi-continuum method has been also applied to contact recently
(Luan et al., 2006). As an alternative to these coupling methods, one can also coarse-grain
the contact behavior at the atomic level into an effective continuum contact formulation. This
approach goes back to the analytical integration methods of Bradley (1932) and Hamaker (1937).
These formulations, however, are only valid for rigid bodies, since the contact deformations
are not taken into account.3 These can be taken into account if the framework of molecular
coarse-graining is combined with computational contact mechanics (Sauer and Li, 2007b). The
model developed there, the so-called ’coarse-grained contact model’ is used as the basis for the
discussion in this article. Two of the major advantages of this model are (1) that it can be used
over a wide range of length scales, and (2) that it is particulary suitable for strong adhesion of
soft bodies.

The remainder of this paper is structured as follows. Sec. 2 presents the framework of the
coarse-grained contact model. Corresponding finite element algorithms are then discussed in
Sec. 3. Sec. 4 presents several applications of the contact model. Special attention is placed on
peeling contact (Sec. 5) and rough surface contact (Sec. 6). The article concludes with Sec. 7.

2 Continuum contact formulation

This section presents a theoretical framework for adhesive contact of soft bodies. The formula-
tion is based on the ‘coarse grained contact model’ introduced by Sauer and Li (2007b) and the
discussion follows the derivation provided in Sauer (2006) and Sauer and Wriggers (2009). The
key idea is to describe adhesive contact between the bodies by a global interaction potential
Πc, that is based on the local interactions between the individual particles of the neighboring
bodies. These local interactions are described by a pair potential φ, which for example can be
taken as the Lennard-Jones potential

φ(r) := ε
(r0

r

)12
− 2ε

(r0

r

)6
. (1)

Here r denotes the distance of the interacting particles, and ε and r0 are model parameters that
describe the strength and range of the interaction. One motivation in using the Lennard-Jones
potential is that it is suitable for describing van-der-Waals adhesion. In general any distance
dependent potential φ(r) can be used in the following framework.4 For example, one can also
use this framework to construct cohesive zone models.

Fig. 1 shows the kinematics of two interacting bodies in the framework of nonlinear continuum
mechanics. B01 and B02 denote the reference configurations of the two bodies. Their current,
deformed configurations are denoted by B1 and B2.5 The motions mapping two generic material

3 Taking the deformation into account was already suggested in the thirties by Derjaguin (1934), but it was not
achieved until the analytical models of Johnson et al. (1971) and Derjaguin et al. (1975) appeared, as mentioned
above.

4φ(r) must be such that the integration and differentiation appearing in eqs. (11) and (15) is well defined.
5The symbol B is used to denote both the body and the configuration it occupies in R3.
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Figure 1: Contact kinematics of two deformable bodies (Sauer and Li, 2007b). The left hand side
shows the undeformed, initial configuration; the right hand side shows the deformed, current
configuration.

points X1 ∈ B01 and X2 ∈ B01 to the current positions x1 ∈ B1 and x2 ∈ B2 are denoted by
x1 = ϕ1(X1, t) and x2 = ϕ2(X2, t). Associated with the two motions are the two deformation
gradients F 1 = Gradϕ1 and F 2 = Grad ϕ2, where the gradient operator Grad(...) denotes
the derivative with respect to the reference configurations B01 and B02. The two bodies are
subjected to the essential and natural boundary conditions

ϕk = ϕ̄k , on ∂uBk for k = 1, 2 ,
σknk = t̄k , on ∂tBk for k = 1, 2 ,

(2)

where ϕ̄k and t̄k are the values of the prescribed boundary displacement and traction, σk is the
Cauchy stress tensor and nk the outward unit normal of ∂Bk. Further, ∂uBk and ∂tBk denote
the displacement and traction boundaries in the current configuration which are supposed to
satisfy ∂uBk ∪ ∂tBk = ∂Bk and ∂uBk ∩ ∂tBk = ∅. Moreover, we require the initial conditions

ϕk(Xk, 0) = ϕ0(Xk) , ϕ̇k(Xk, 0) = V 0(Xk) , in Bk , (3)

where ϕ̇k = ∂
∂tϕk(Xk, t) denotes the material time derivative of ϕk and where ϕ0(Xk) and

V 0(Xk) denote the given initial configuration and velocity field of Bk at t = 0.6 As indicated
in Fig. 1, the particle densities in the two respective configurations are denoted by β0k (in
number of particles per reference volume), and βk (in number of particles per current volume).
The density βk is related to the mass density by ρk = mkβk, where mk is the mass of the
particles in body Bk. The volume differentials of the spatial configuration, dvk, and the material
configuration, dVk, are related by

dvk = Jk dVk , (4)

where Jk = detF k is the Jacobian determinant of the mapping ϕk. A flux of particles from or
into the bodies is not considered. It then follows that the particle and mass densities of the two
configurations are in inverse relation to eq. (4), i.e.

βk = β0k/Jk , ρk = ρ0k/Jk , (5)

and that the total number of particles (and the mass) within a given volume are conserved, i.e.
we have

β0k dVk = βk dvk = const. (6)
6The initial configuration of Bk may or may not coincide with the reference configuration B0k.
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The total potential energy of the two interacting bodies is given by the sum of the internal,
external and contact energy, i.e.

Π = Πint + Πc −Πext . (7)

The individual contributions can be defined from the coarse-graining of the corresponding ener-
gies of a discrete particulate system (Sauer and Li, 2007b). We thus find the following expres-
sions, which are written in the same form as they usually appear within a continuum mechanical
context.

The internal energy of the two bodies is given by

Πint =
2∑

k=1

Πint,k , Πint,k =
∫
B0k

Wk(ϕk) dVk , (8)

where Wk(F k) is the stored energy (per reference volume) of body Bk that depends on the
deformation ϕk. If hyperelastic material behavior of the two bodies is assumed, the first Piola-
Kirchhof stress tensor and the Cauchy stress tensor are given by

P k =
∂Wk

∂F k
, σk =

1
Jk
P kF

T
k . (9)

An example of a suitable material law is the Neo-Hooke model, which is considered for some
of the examples discussed in Sec. 4 to 6. The internal energy Πint can be complemented by an
internal surface energy, expressed analogously as

Πsurf =
2∑

k=1

Πsurf,k , Πsurf,k =
∫
∂B0k

Uk(ϕk) dAk , (10)

where Uk(ϕk) is the stored surface energy (per reference surface) of body Bk that depends on
the deformation ϕk. Such a framework is suitable to describe membranes and shells (Agrawal
and Steigmann, 2009) and should also be considered for solids where the surface energy plays
an important role.

The contact energy is defined as the total interaction energy between all particle pairs located
at positions x1 ∈ B1 and x2 ∈ B2. In the continuum limit this is expressed as

Πc =
∫
B1

∫
B2

β1 β2 φ(x1 − x2) dv2 dv1 . (11)

This expression can be easily rewritten as an integration over the reference configurations B0k

due to the relation given in eq. (6).

Πext = Πext,1 + Πext,2 is the energy associated with the external loads, i.e. applied surface
tractions t̄k and body forces b̄k. We assume Πext,k is consistent with the variation

δΠext,k =
∫
Bk

δϕk · ρkb̄k dvk +
∫
∂tBk

δϕk · t̄k dak , (12)

which expresses the virtual work done by the external loads.

The variation of the other terms lead to the expressions (Sauer, 2006)

δΠint,k =
∫
Bk

grad (δϕk) : σk dvk , (13)
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and

δΠc =
2∑

k=1

δΠc,k , δΠc,k = −
∫
Bk

δϕk · βkbk dvk , (14)

where grad (...) denotes the gradient operator w.r.t. the current configuration and bk denotes a
body force that is defined through the interaction potential φ as

bk(xk) := −∂Φ`

∂xk
, Φ` :=

∫
B`

β` φ(r) dv` . (15)

Pulling the gradient inside the integral gives the alternative expression

bk(xk) =
∫
B`

β` F (r) r̄k dv` , (16)

since
∂φ

∂xk
= −F (r) r̄k , (17)

for F (r) = −∂φ
∂r

and

r̄k :=
rk
rk

, rk := xk − x` , rk := |rk| . (18)

The kinetic energy of the interacting bodies is given by

K =
2∑

k=1

Kk , Kk =
1
2

∫
Bk

ρk vk · vk dvk , (19)

where vk = ẋk is the velocity field of body Bk. Given the Lagrangian L = K − Π the weak
form then follows from Hamilton’s variational principle, which states that the action

A =
∫ t2

t1

Ldt , (20)

attains its stationary value for the true motion among all kinematically admissible variations
within the time interval T = {t1, t2} (Lanczos, 1986). The variation of the action δA of each
body Bk is obtained as

δAk =
∫
T

∫
Bk

ρkvk · δϕ̇k dvk dt−
∫
T
δΠk dt , (21)

where δΠk = δΠint,k + δΠc,k − δΠext,k according to eqs. (7), (12), (13) and (14). By switching
the order of integration and by using integration of parts, the first contribution is rewritten as∫

Bk

∫
T
ρkvk · δϕ̇k dtdvk = −

∫
Bk

∫
T
ρkv̇k · δϕk dt dvk , (22)

where the variation of the motion δϕk is chosen such that it vanishes at t = t1 and t = t2.
Following Hamilton’s principle the condition δA = 0 then yields the equation

2∑
k=1

[ ∫
Bk

δϕk · ρkv̇k dvk +
∫
Bk

grad(δϕk) : σk dvk

−
∫
Bk

δϕk · βkbk dvk − δΠext,k

]
= 0 , ∀ δϕk ,

(23)
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which is the governing weak form of the contact problem of Fig. 1.

Due to the formulation of the contact body forces according to eq. (15), six levels of integration
are required in order to evaluate the virtual contact work in eq. (23). While it is straight forward
to construct a numerical integration scheme for this (Sauer and Li, 2007b), such an approach
tends to be very inefficient. This motivates the development of alternative integration methods
as are discussed in Sauer and Li (2007b, 2008). The most efficient strategy presented there,
considers the approximate analytical integration of eq. (15). This approach, which reduces the
numerical integration from six levels down to three levels, will be considered in the following.
The strategy, outlined in detail in Sauer and Li (2007b), consists of two steps:

1. In order to evaluate the body force bk at point xk ∈ Bk, we first project the point
perpendicularly onto the neighboring surface ∂B` (` 6= k). This gives the surface point
xp ∈ ∂B`.7

2. Secondly, we approximate the neighboring body B` at point xp as a flat half-space and
integrate field Φ`, appearing in eq. (15), analytically.

This approach results in an efficient body force formulation which will be denoted in short by
’BF’ in the remainder of this paper. In Sauer and Li (2007b) a further, third step is taken,
which considers projecting the body forces bk onto the surface of body Bk and replace them by
an effective surface traction. This last approach results in an even more efficient, surface force
formulation, which will be denoted in short by ’SF’ in the following. The two approaches are
illustrated in Fig. 2. We note that the closest point projection considered in the first step is

Figure 2: Nanoscale contact-interaction forces according to the body force formulation (left)
and the surface force formulation (right) (Sauer and Wriggers, 2009).

a common procedure in computational contact methods (Wriggers, 2006). It depends strongly
on the surface where we project onto and it can cause difficulties for non-convex surfaces. In
the projection xk → xp we denote the projection distance by rk and the projection direction by
−np, which is opposite to the direction of the surface normal np of ∂B` at xp. The approximate
half-space integration of eq. (15) according to step 2, which is derived and assessed in Sauer
and Wriggers (2009), yields the simple expression

bk = πβ`εr
2
0

[
1
5

(r0

rk

)10
−
(r0

rk

)4
]
np , (24)

7It is important to note that the point xp ∈ ∂B` depends on point xk ∈ Bk and is therefore not a material
point of B`, as the point xp, in general, does not follow the motion of B`.
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for the Lennard-Jones potential (1). Here, the density β` is evaluated at the projection point
xp. Introducing Hamaker’s constant AH = 2π2β01β02εr

6
0 (Israelachvili, 1991) we can also write

β0kbk =
AH

2πr4
0J`

[
1
5

(r0

rk

)10
−
(r0

rk

)4
]
np . (25)

This expression can be inserted directly into the weak form (23). Altogether the BF formulation
depends on two parameters, AH and r0, which characterize the strength and range of adhesion.

The SF formulation is obtained by projecting the body force bk onto the surface of body Bk and
replacing it by an effective surface traction. The projection is done parallel to the direction of
the body forces in order to keep the balance of angular momentum unaffected. We thus project
along −np, i.e. in the opposite direction of the surface normal of the neighboring body B` at
point xp. The projection is accomplished by the following integration: According to figure 2
the volume element dvk can be expressed by

dvk = c`(rk) drk cosαk dak , (26)

where dak denotes the area element obtained from projecting dvk along −np onto the surface
∂Bk, where c` is a coefficient that depends on the principle surface curvatures of ∂B` (Sauer and
Wriggers, 2009), where rs denotes the distance between the surfaces of the neighboring bodies,
and where αk denotes the inclination of the surface in relation to the direction of projection,
that is we have cosαk = −np ·nk. Inserting expression (26) into the weak form (23) we obtain

2∑
k=1

[ ∫
Bk

δϕk · ρkv̇k dvk +
∫
Bk

grad(δϕk) : σk dvk

−
∫
∂cBk

δϕk · tk cosαk dak − δΠext,k

]
= 0 , ∀ δϕk ,

(27)

where we have defined the contact traction

tk :=
∫ rc

rs

c`(rk)βk bk(rk) drk . (28)

With eq. (28), the body force according to eq. (24) can be easily integrated analytically. Con-
sidering the reasonable assumptions c` ≈ 1 and βk ≈ const. (Sauer and Wriggers, 2009) one
obtains

tk = πβkβ`εr
3
0

[
1
45

(r0

rs

)9
− 1

3

(r0

rs

)3
]
np . (29)

In the preceding derivation, the SF formulation is derived as an approximation to the BF
formulation. The SF formulation, however, can also be seen as an independent formulation
that appears for the case of bodies that only interact via their surfaces (Sauer, 2006).

The contact model governed by eq. (23), or alternatively by eq. (27), is a conservative model,
since it is derived from a Lagrangian. In general, dissipative contact models can be formulated
by including viscous, i.e. velocity dependent, damping terms within the internal energy and
possibly also within the contact adhesion energy. Dissipation is also introduced if frictional
contact is considered. Classical Coulomb based friction models (Wriggers, 2006), however, are
inappropriate for adhesive contact, see Sec. 6. Without considering friction, the contact forces
are defined by eq. (24), or alternatively (29), which are normal to the surface of the neighboring
body.
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3 Finite element formulations

This section discusses the 3D finite element formulation of the contact model given in the
preceding section. The finite element arrays for the two formulations are derived and the overall
contact algorithm is discussed. For general references on non-linear finite element procedures
the reader is referred to the monographs of Belytschko et al. (2000) and Wriggers (2008).

The finite element method offers a systematic solution strategy to approximately solve the weak
form governing the problem. To facilitate the numerical integration of eq. (23) and (27), the
integration domains Bk and ∂Bk (k = 1, 2) are partitioned into finite volume elements Ωe

k and
surface elements Γek, that contain a certain number of nodes, denoted by ne = nve for Ωe

k and
ne = nse for Γek. Within each element (xk ∈ Ωe

k or xk ∈ Γek), the displacement field uk of body
Bk and its variations δϕk are approximated by the standard FE interpolation8

uhk(xk) = Nk(xk) uek , δϕhk(xk) = Nk(xk) vek , (30)

where uek and vek are arrays with size (3ne× 1) that denote the displacements and variations of
the elemental nodes, and where

Nk =
[
N1 I , N2 I , ... , Nne I

]
(31)

is a (3 × 3ne) matrix formed by the ne shape functions NI (I = 1, 2, ..., ne) of the element.
Inserting approximations (30) into the weak form (23) and (27), leads to a discretized weak
form which in short can be written as (Sauer, 2006)

vT
[
Mü + fint + fc − fext

]
= 0 , ∀v ∈ Vh . (32)

Here the vector v ∈ Vh contains the kinematically admissible virtual displacements of all the
finite element nodes and the vectors fint, fc and fext denote the internal forces, contact forces
and external forces acting on the finite element nodes. These arrays are assembled from the
vectors f eint, f ec and f eext that denote the corresponding forces acting on the individual elements
and which are listed below. Equation (32) leads to the nonlinear equation

f(ü,u) := Mü + fint + fc − fext = 0 , (33)

where, in general, both fint and fc (and in principle also fext) depend nonlinearly on the nodal
deformation u. M is the mass matrix of the system which, according to eq. (23), is composed
of the elemental contributions

Me
k =

∫
Ωe

k

ρk NT
kNk dvk . (34)

According to eq. (13), which does not consider a velocity dependency, the internal force vector
f eint acting on element Ωe

k follows as

f eint,k =
∫

Ωe
k

BT
e σk dvk (35)

(Wriggers, 2008), where Be is an array with size (6× 3ne) that contains the derivatives of the
nodal shape functions NI .

In the following, four different methods for the evaluation of the contact force f ec are presented.
Table 1 gives an overview of these methods and lists their main advantages and disadvantages.
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formulation numerical integration advantages disadvantages

NBF over Bk and B` very simple very inefficient
NSF over ∂cBk and ∂cB` simple inefficient
BF over Bk efficient inaccurate if R` < 8 nm
SF over ∂cBk highly efficient & similar inaccurate if R` < 8 nm &

to classical contact algor. for very strong adhesion

Table 1: Comparison of the different contact force evaluation methods in the framework of the
finite element method. R` denotes the minimum curvature radius of the neighboring body (see
Sauer and Wriggers (2009)).

The first finite element formulation that appears naturally from the body force formulation
outlined in eqs. (15) and (14), is very simple but inefficient and is therefore denoted as ‘naive
body force FE formulation’ (NBF). It is identical to the formulation initially proposed in Sauer
and Li (2007b), where it is denoted as ‘method 1’. According to eqs. (15) and (14) it is
straightforward to show that the nodal force vector f ec,k in Ωe

k ∈ Bk is given by

f ec,k =
∑

Ωe
`∈B

h
`

fc,k , (36)

and
fc,k =

∫
Ωe

k

∫
Ωe

`

NT
k βkβ`

∂φ

∂xk
dv` dvk , (37)

where
∂φ

∂xk
is given by eqs. (17) and (18). Equation (33) is solved iteratively using Newton’s

method. Therefore we need to know the tangent matrix kc that is formed by the elemental
contributions

kec :=
∂f ec
∂ue

. (38)

The force f ec,k (36) depends on the deformation of the elements Ωe
k ∈ Bk and Ωe

` ∈ B` (` 6= k),
so that one finds the two tangent contributions

kec,kk =
∂f ec,k
∂uek

=
∑

Ωe
`∈B

h
`

kc,kk ,

kec,k` =
∂f ec,k
∂ue`

= kc,k` ,

(39)

with

kc,kk =
∫

Ωe
k

∫
Ωe

`

NT
k βkβ`

∂2φ

∂xk ∂xk
Nk dv` dvk ,

kc,k` =
∫

Ωe
k

∫
Ωe

`

NT
k βkβ`

∂2φ

∂xk ∂x`
N` dv` dvk ,

(40)

and
∂2φ

∂xk ∂x`
=

F (rk)
rk

I +
[
F ′(rk)−

F (rk)
rk

]
r̄k ⊗ r̄k ,

∂2φ

∂xk ∂xk
= − ∂2φ

∂xk ∂x`
.

(41)

8In the following description, uk and uh
k are used to denote the displacement field and its FE approximation,

ue
k is used to denote the stacked vector of all nodal displacements of element e, and u is used to denote the

stacked vector of all nodal displacements of the two discretized bodies Bh
1 and Bh

2 . Analogous definitions are used
for the reference configuration and the current configuration (characterized by the vector fields X and x). Note
that italic font is used for field variables and normal font is used for discrete variables.
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In general, this formulation is straightforward to implement, but is very inefficient for practical
purposes. Careful attention must be paid to the formulation of symmetry lines (Sauer and
Li, 2007b). Similar to this formulation, a ‘naive surface force FE formulation’ (NSF) can be
developed. This is based on the analytical integration into the depth of the two bodies which
leads to a modification of the interaction potential φ. The resulting formulation is analogous to
the above NBF formulation, replacing Ωe

k and Ωe
` by the surface elements Γek and Γe` . Details are

given in Sauer and Li (2007b) and Sauer (2006), were this formulation is denoted as ‘method
2’. The NSF formulation is still quite inefficient, especially in 3D.

Therefore it is useful to use the half-space approximation outlined above and replace eq. (15) by
eq. (24). This increases efficiency considerably, since numerical integration is only performed
over one body. In the resulting finite element body force formulation (BF), the elemental contact
force vector acting on the nve nodes of element Ωe

k is given by the (3nve × 1) vector

f ec,k = −
∫

Ωe
k

NT
k βk bk dvk = −

∫
Ωe

0k

NT
k β0k bk dVk , (42)

which can be evaluated as an integration over either the current or the reference configuration
of the element (denoted as Ωe

k and Ωe
0k). This expression follows directly from eqs. (23), and

(30)–(32). The tangent associated with eq. (42) is given by

kec,kk = −
∫

Ωe
0k

NT
k

∂Bk

∂xk
Nk dVk ,

kec,k` = −
∫

Ωe
0k

NT
k

∂Bk

∂xp

∂xp

∂ue`
dVk ,

(43)

where we have introduced Bk := β0k bk. The first matrix, kec,kk, has the size (3nve × 3nve),
where nve is the number of nodes of element Ωe

k. The gradient of Bk =: Bk np is given by
(Sauer and Wriggers, 2009)

∂Bk

∂xk
= B′k np ⊗

∂rk
∂xk

+Bk
∂np

∂xk
, (44)

with
∂rk
∂xk

= np and

∂np

∂xk
=

1
κ−1

1 + rk
ap

1 ⊗ a
p
1 +

1
κ−1

2 + rk
ap

2 ⊗ a
p
2 . (45)

Here κ1 and κ2 denote the principal curvatures9 of the master surface ∂Bm at the projection
point xp, and ap

1 and ap
2 denote the corresponding tangent vectors at xp. The derivative

B′k = ∂Bk/∂rk follows readily from eq. (25). The second tangent contribution, kec,k`, captures
the effect of the deformation of surface ∂B` on f ec,k and has the size (3nve × 3nse), where nse
is the number of surface nodes used to interpolate ∂B` at xp. The gradient of Bk w.r.t. the
projection point xp follows as

∂Bk

∂xp
= B′k np ⊗

∂rk
∂xp

+Bk
∂np

∂xp
, (46)

with
∂rk
∂xp

= −np and

∂np

∂xp
= − 1

rk

(
I − np ⊗ np

)
(47)

9Here the curvature is taken positive for convex bodies like a sphere.
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according to eq. (18). The contribution ∂xp

∂ue
`
, appearing in eq. (43)2, describes how changes of

the surface configuration affect the projection point xp. It follows from the description of the
FE surface and can be computed within the local Newton iteration that is needed in general to
compute xp. Further details will be reported in a future publication. If body B` is rigid and
immobile the tangent contribution kec,k` vanishes.

If the body forces are projected onto the surface, according to Fig. 2, we obtain the surface
force (SF) formulation according to eqs. (27) and (29). Here, the elemental contact force vector
acting on the nse nodes of surface element Γek is given by the (3nse × 1) vector

f ec,k := −
∫

Γe
k

NT
k tk cosαk dak = −

∫
Γe

0k

NT
k T k θk dAk , (48)

where

T k := Jk tk = πβ0kβ`εr
3
0

[
1
45

(r0

rs

)9
− 1

3

(r0

rs

)3
]
np (49)

and
θk := −np · F−Tk N̄k (50)

(Sauer and Wriggers, 2009). In the equations above Nk denotes the array of the nse shape
function of element Γek according to eq. (31) while N̄k denotes the outward surface normal
of Γek0 at xk. F k denotes the deformation gradient at point xk ∈ Γek. The vector f ec,k can be
evaluated as an integration over either the current or the reference configuration of the element
(denoted as Γek and Γe0k). In Sauer and Li (2007b) this formulations has been denoted as ’method
3’. Considering constant θk the tangent matrix of the SF formulation is given by

kec,kk = −
∫

Γe
0k

NT
k

∂T k
∂xk

Nk θk dAk ,

kec,k` = −
∫

Γe
0k

NT
k

∂T k
∂xp

∂xp

∂ue`
θkdAk ,

(51)

where, for T k := Tk(rk)np,

∂T k
∂xk

= T ′k np ⊗ np + Tk
∂np

∂xk
,

∂T k
∂xp

= −T ′k np ⊗ np + Tk
∂np

∂xp
,

(52)

analogous to eqs. (43), (44) and (46). Considering fixed θk can actually improve the accuracy
of the SF formulation (Sauer and Wriggers, 2009). If θk is kept variable, the additional three
tangent contributions

kec,kkθ1 =
∫

Γe
0k

NT
k T k ⊗ N̄kF

−1
k

∂np

∂xk
Nk dAk ,

kec,kkθ2 =
∫

Γe
0k

NT
k T k ⊗ np

∂F−Tk N̄k

∂ue
dAk ,

kec,k`θ = −
∫

Γe
0k

NT
k T k ⊗ N̄kF

−1
k

∂np

∂xp
N` dAk ,

(53)

are picked up. Here the first and third contribution are fully specified through eqs. (45) and
(47). The second contribution, kec,kkθ2 , depends on the deformation of the volume element Ωe

k

attached behind the surface element Γek, and therefore has the size (3nse × 3nve). The matrix

∂F−Tk N̄k

∂ue
=
[
∂F−Tk N̄k

∂u1
, · · · ,

∂F−Tk N̄k

∂unve

]
(54)
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consists of the (3× 3) blocks

∂F−Tk N̄k

∂uI
=
(
J−Tk ∇ξNI

)
⊗
(
F−Tk N̄k

)
(55)

for I = 1, ..., nve. Here Jk denotes the Jacobian of the parametrization of element Ωe
k. The

reader is referred to Sauer and Wriggers (2009) for a derivation of expression (55).

Table 2 shows the algorithm that is used to solve the contact problem with the finite element
method. The solution algorithm requires four major loops: a loading loop, a Newton iteration

Loading loop: apply load (e.g. prescribed forces, prescribed displacements) in increments;

at each load step:

Newton iteration (for obtaining the solution u to eq. (33))

• provide starting guess u0, e.g. based on the solution of the previous load step
• iterate for i→ i+ 1 until convergence:

1. loop over the volume elements Ωe to compute f eint (35) and keint = ∂fe
int

∂ue ;
assemble these into the global force and stiffness arrays f and k

2. NBF: loop over the vol. elements Ωe
k and Ωe

` to compute f ec,k (36) and kec,kk, kec,k` (39);
BF: loop over the volume elements Ωe

k to compute f ec,k (42) and kec,kk, kec,k` (43);
SF: loop over the surface elements Γek to compute f ec,k (48) and kec,kk, kec,k` (51), (53);
contributions f ec,k, kec,kk and kec,k` are computed by numerical quadrature;
at each quadrature point xk:

i. obtain the projection of xk onto the surface of the neighboring body
ii. BF: evaluate the contact-interaction force according to (25)

SF: evaluate the contact-interaction force according to (49)

assemble f ec,k, kec,kk and kec,k` into f and k

3. apply boundary conditions
4. solve k ∆u = −f and update ui+1 = ui + ∆u

Table 2: Solution algorithm for the coarse grained contact model (Sauer and Wriggers, 2009).

loop, a loop over the finite elements and a loop for the numerical quadrature. At the quadra-
ture points of the contact elements we need to determine the projection of these points onto
the neighboring surface. This projection is a common task in computational contact mechanics
(Wriggers, 2006) and my require a second, local Newton iteration. The two elemental loops
are needed to assemble the forces fint and fc. We note that for the BF formulation, the vectors
fc and fint can, in principle, be evaluated within the same loop, although a higher integra-
tion accuracy is usually needed for fc. The Newton iteration is used to solve the discretized
equilibrium equation (33). The loading loop is needed to advance the prescribed loading. We
further note that no active set strategy is needed in the algorithm. Such a strategy is used to
determine if certain contact elements are currently active or not. In the presented approach
all contact elements are considered active and no particular distinction is needed, which can
result in substantial computational savings. For dynamic problems a time integration scheme,

12



like Newmark’s algorithm, has to be considered. The Newmark algorithm leads to a simple
modification of the force vector f and tangent k (Wriggers, 2008), which can be evaluated at
the element level.

The parameter ε inside potential φ defines the strength of adhesion. For low ε the adhesive
forces vanish and the resulting contact problem is purely repulsive. For large ε, strong adhesive
forces appear, which will affect the boundary of the contact area. This is shown in Fig. 3,
which considers contact between a rigid sphere and a soft substrate (Sauer and Wriggers, 2009).
The figure shows that for strong adhesion a dense mesh refinement is required a the contact

Figure 3: Comparison between weak adhesion (γW = 1000, left) and strong adhesion (γW = 1,
right) (Sauer and Wriggers, 2009). Increasing the strength of adhesion has the same relative
effect as decreasing the stiffness of the bodies.

boundary. Sec. 5 discusses an enriched finite element method developed to treat such cases
efficiently. The strength of adhesion can be characterized by the parameter

γW =
w0

W0
, (56)

where W0 and w0 denote two energy densities associated with the energy stored in the elastic
deformation and in the adhesion. They can be defined as

W0 = E , w0 =
AH

2π2r3
0

, (57)

where E denotes Young’s modulus and AH denotes Hamaker’s constant. According to the
definition of Hamaker’s constant we can also write w0 = β01β02εr

3
0. In the example considered

in Figs. 3 to 5 the adhesion parameter is considered as γW = 1000 (weak adhesion) and γW = 1
(strong adhesion).

The computational formulation outlined by the equations in this section converges as Fig. 4
shows. This demonstrates the general mesh independence of the contact formulation. The
example corresponds to the problem considered in Fig. 3. Here the case of strong adhesion
is displayed. Fig. 5 shows the rate of convergence. The rate of convergence is much higher
for weak adhesion than for strong adhesion. To capture the deformation and stress field of the
repulsive contact region at the center of indentation a comparably coarse mesh is adequate.
To capture the deformation and stress field of the adhesive contact region at the indentation
boundary a comparably fine mesh is required. Therefore, as parameter γW decreases (i.e. as
the strength of adhesion increases) a larger mesh refinement is required.
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Figure 4: Mesh convergence of the SF formulation (using a mesh with 43, 83, 163 and 323 finite
elements. Contact with a rigid sphere is considered (Sauer and Wriggers, 2009).

Figure 5: FE convergence rate for contact between a rigid sphere and a soft substrate considering
both strong and weak adhesion (Sauer and Wriggers, 2009). More elements are required to
resolve strong adhesion accurately.

The contact forces according to eqs. (24) and (49) are always normal to the surface of the
neighboring bodies and hence the model is locally frictionless. This is consistent with the
observation that atomically smooth surfaces offer only negligible resistance to sliding (Persson,
1999). The present contact formulation can still be used to define global friction through
dissipative material behavior as is discussed in Sec. 6.

4 Adhesion examples

This section present several numerical examples, that are based on the computational adhesion
model outlined in the preceding two sections.

The first example considers the adhesion of (40,40) carbon nanotubes (CNTs) and is taken
from (Sauer and Li, 2007b). The (40,40) tube consists of a hexagonal graphene structure with
160 carbon atoms around the circumference. The tube material is modeled linear elastically
with Young’s modulus E = 5.0 TPa, Poisson’s ratio ν = 0.19 and wall thickness t = 0.075 nm.
The non-bonded interaction between distant tube segments is modeled by the Lennard-Jones
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potential (1) where the parameters are chosen as r0 = 0, 383 nm and ε = 2.39 meV. Plane
strain conditions are considered. Fig. 6 shows the undeformed tube, its interaction with a rigid

Figure 6: Adhesion of carbon nanotubes (Sauer and Li, 2007b).

graphite substrate, with neighboring tubes in a bundle and with itself as it collapses (counter-
clockwise, starting from the left). All configurations shown are stable and drawn to scale. The
tube is modeled by 40 geometrically exact 2-node rod elements (Wriggers, 2008). The black
dots in Fig. 6 show the FE nodes and not the carbon atoms. Using 40 element, the atomic
density becomes 4 atoms per element corresponding to a reduction in the dofs by about 2.7
compared to a full atomic simulation.10 The results shown in Fig. 6 are in agreement with
experimental and computational results reported in the literature (Ruoff et al., 1993; Hertel
et al., 1998; Pantano et al., 2004; Tang et al., 2005).

The second example, that has been published in Sauer and Li (2007a) and Sauer (2009a),
examines the adhesion of soft spheres. For this case the JKR (Johnson et al., 1971) and related
models, like the Maugis-Dugdale model (Maugis, 1992), have been formulated. These models are
based on linear half-space theory and infinitesimal deformations, which assumes the contact area
to be much smaller than the radius of the spheres. For large deformation contact, however, these
models cannot be used and one should resort to computational models like the one presented
here. Here, contact between a sphere of radius R0 = 21 nm with a flat half-space is considered.
In the Maugis model the strength of adhesion is characterized by the parameter λ ∈ (0,∞).
Increasing λ corresponds to increasing adhesion. In fact the limit λ→∞ reproduces the JKR
model as a special case. In the present example the adhesion parameter is chosen as λ = 1.3.
Parameter λ is a model specific parameter that is related but has no explicit correspondence to
the physically motivated parameter γW . It has been found that the value γW = 11.55 produces
a remarkable agreement in the following results.

Figure 7 shows the normal contact force P versus the normal contact approach u for the con-
sidered problem. For moderate displacements the agreement is excellent. For increasing dis-
placements the two curves diverge since the small deformation assumption used in the Maugis
model is no longer valid. For increasing negative displacements, which correspond to separat-
ing the bodies, the Maugis model loses its applicability since it is not defined there. For the
considered parameters a contact instability occurs, which is indicated by the S-shaped section
in the force-displacement curve (Sauer and Li, 2007b).

To further illustrate the agreement between the two models, the contact pressure between the
two bodies is examined in Fig. 8. The pressure distribution according to Maugis and the CGC

10160× 2 atomic dofs vs. 40× 3 nodal FE dofs for plane strain considerations.

15



Figure 7: Adhesion of soft spheres: Force-displacement curve (Sauer, 2009a).

model is shown in the graphs on the right hand side. The agreement between both models is
excellent. The vertical axis displays the radial distance from the center axis measured relative to
the sphere radius R0. The horizontal axis measures the pressure in multiples of Young’s modu-
lus E. Altogether, four cases are shown, which correspond to the four states at u = −0.0388R0,
u = −0.0176R0, u = 0.0423R0 and u = 0.1013R0 that are marked by open circles in figure 7.
According to the Maugis model these correspond to a = 0.050R0, a = 0.186R0, a = 0.329R0

and a = 0.420R0, where a characterizes the radius of the contact area. The graphs on the
left hand side display the deformation of the contact partners together with the stress field
σz, which is the stress component in the vertical direction. The stress coloring chosen in the
figure ranges from −0.12E (dark blue) to 0.08E (dark red). Both the stress field, and the
pressure distribution show the smooth repulsive compression at the center of contact and the
sharp attractive tension at the contact boundary. The agreement between the two models is
much better in the repulsive zone than in attractive zone.
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Figure 8: Adhesion of soft spheres: Deformation and stress field (left); contact pressure between
the two bodies (right) (Sauer, 2009a). The four cases correspond to the four states marked in
figure 7.
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The third example considers the computation of the nanoindentation of a thin incompressible
rubber film and is taken from (Sauer, 2009a). A rigid Vickers indenter is considered, which is
a four-sided pyramidal indenter with an opening angle of 2× 68◦ between opposing faces. The
indenter is pressed into a thin film with a considered thickness of R0 = 10 nm. The rubber
film is considered perfectly bonded to an underlying rigid substrate. The rubber material is
considered nearly incompressible, and is described by the Neo-Hookean material model

W (J, Ĉ) = U(J) + µ
2 (Î1 − 3) , (58)

which is based on a split between the volumetric deformation, described by the determinant of
the deformation gradient J = detF , and the deviatoric deformation, characterized by

Î1 = tr Ĉ , Ĉ = F̂
T
F̂ , F̂ = J−

1
3F . (59)

The volumetric strain energy is taken as

U(J) = K
4 (J2 − 1)− K

2 ln J . (60)

Parameters K and µ denote the bulk and shear modulus which are related to Young’s modulus
E and Poisson’s ratio ν according to

K =
E

3(1− 2ν)
, µ =

E

2(1 + ν)
. (61)

In the following example Poisson’s ratio is chosen as ν = 0.499. E is used for normalization and
is thus left unspecified. For the indentation computations a Q1P0 finite element formulation for
large deformations is used (Wriggers, 2008). Due to symmetry only one quarter of the contact
zone is modeled up to a distance of 30 nm from the indenter tip. Fig. 9 display the deformation
at u = 0.5R0 for the two cases where the adhesion is very strong (left) and very weak (right). As

Figure 9: Nanoindentation with strong (left) and weak (right) adhesion (Sauer, 2009a).

observed in Fig. 3, strong adhesion leads to large tensile contact forces and surface deformations
at the contact boundary, which are not present for weak adhesion. The coloring shown in both
figures visualizes the stress field σr, which is the stress in the radial direction from the indenter
tip. For γW = 2.17, the range of σr lies between −0.55E (blue: compression) and 0.09E (red:
tension). Since the tensile stress region is localized in a narrow band at the contact boundary, a
high mesh refinement is needed to capture these forces accurately. The adhesion forces lead to
the reduction of the resultant contact force: For γW = 1000 we have P = 0.549ER2

0, whereas
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for γW = 2.17 we only have P = 0.506ER2
0.

As a fourth example the dynamic pull-off behavior of an adhering gecko seta is considered
(Sauer, 2010). The seta is a thin, hair-like structure that branches into hundreds of fine tips,
the so-called spatulae. The setae are up to 100µm long and have a cross-sectional diameter of
a few micrometers. The spatulae are around 1µm long and have a cross-sectional diameter of
around 100 nanometers. The adhesion between seta and substrate occurs predominately at the
spatula pad, which forms the tip of the spatula and which is several hundred nanometers long
and wide, but only a few nanometers thick. The thinness of the pad gives it great flexibility
to deform and adapt to the inclination and roughness of the substrate surface. Since the seta
dimensions are several orders of magnitude larger than the range of intermolecular adhesion, a
hierarchical, three-dimensional multiscale procedure is developed in Sauer (2009b) that spans
six orders of magnitude and is able to efficiently simulate the mechanical behavior of a gecko
seta during adhesion. The multiscale approach is based on the three distinct modeling levels
illustrated in Fig. 10. Within the multiscale approach, the coarse-grained contact model is

Figure 10: Multiscale model describing the adhesion mechanism of the gecko seta (Sauer, 2009b).

used to model the molecular interaction between the spatula pad and the underlying substrate.
The spatula itself is modeled as a thin elastic rod with varying cross-section. At the seta level,
a fractal geometry model is constructed that captures the hierarchical branching of the seta.
A geometrically exact rod formulation is used to capture the nonlinear kinematics of large de-
formations (Sauer, 2009b). The constitutive behavior of the seta and spatula is described by
a linear elastic isotropic material law with Young’s modulus E = 2 GPa and Poisson’s ratio
ν = 0.2. The density is assumed as ρ = 1000 kg/m3. The adhesion parameters are chosen as
AH = 10−19J and r0 = 0.4 nm. Further details of the model, in particular the geometry and the
FE rod formulation, are reported in Sauer (2009b). The multiscale seta model described above
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is used to analyze the dynamic pull-off behavior of the seta. Therefore, a vertical displacement
u(t) is applied to the shaft of the spatula and seta such that the pull-off velocity v = u̇ is
constant. The rotations and horizontal displacements of the shaft are considered fixed. Fig. 11
shows the deformation of the spatula and seta and the corresponding force-displacement curves
during pull-off. For the considered velocities and model parameters, the maximum pull-off force

Figure 11: Pull-off computation of a gecko spatula (left) and seta (right); deformation (top)
and force-displacement curve (bottom) (Sauer, 2010).

of a single spatula lies in the range of 8 and 17 nN, which is in very good agreement with the
values observed by Huber et al. (2005) and Sun et al. (2005). (For the clarity of the figure,
the entire spatula pull-off curve is only shown for the case v = 0.1 m/s, while the other cases
are shown only prior to jump-off-contact.) The pull-off behavior of the gecko spatula is char-
acterized by peeling, which is discussed in further detail in the following section. The pull-off
behavior of the spatula is inserted into the seta model as a contact law for the seta tips. The
maximum pull-off force of the seta that is then obtained, lies in the range of 0.4 and 1.4µN.
These pull-off forces do not agree with the value reported by Autumn et al. (2000). However
the values of Autumn et al. (2000) are also inconsistent with the findings of Huber et al. (2005)
and Sun et al. (2005). Newmark’s integration algorithm (Wriggers, 2008) has been used for the
computations.

There is a long list of further examples that can be analyzed by the presented contact formu-
lation. These include thin film peeling (Kendall, 1975), MEMS stiction (Zhao et al., 2003),
delamination (Lane, 2003), atomic force microscopy (AFM), cell adhesion (Liu et al., 2004;
McGarry et al., 2005; Zeng and Li, 2010), particle adhesion to liquid surfaces (Krasovitski
and Marmur, 2005), rough surface adhesion (Persson et al., 2005), interactions of nanoparticles
(Kendall et al., 2007) and synthetic adhesion mechanisms (Qu et al., 2008). The cases of peeling
and rough surfaces are further examined in the following sections.

20



5 Peeling contact

The separation of strongly adhering soft bodies is often characterized by peeling. The under-
standing of the peeling behavior is therefore central to many important applications in coating,
bonding and adhesion technology. Examples include the bonding properties of thin films and
the adhesion mechanisms of various insects and lizards. There is also a standardized peeling
test used to analyze the properties of adhesives and adherents. For very thin elastic films, where
the bending stiffness can be neglected, the peeling behavior can be characterized by the analyt-
ical model of Kendall (1975). But for general applications computational approaches must be
used. Adhesive peeling is closely related to cohesive fracture and therefore finite element based
cohesive zone models are often considered for peeling computations (Wei and Hutchinson, 1998;
Crisfield and Alfano, 2002; Diehl, 2008; De Lorenzis and Zavarise, 2008).

A challenge in the computation of peeling problems are the large peeling stresses that can occur
in a very narrow zone at the peeling front, as is shown in the example of Fig. 12. Considered

Figure 12: Peeling of an elastic strip by an applied end rotation: deformation of the strip (left);
stress at the peeling front (right) (Sauer, 2011a).

is a strip with length ` = 200L0 and height h = 10L0 adhering to a rigid substrate. The strip
is peeled off the substrate by applying a rotation θ incrementally at the right boundary. The
strip is modeled by an isotropic, nonlinearly elastic Neo-Hooke material with E = 2 GPa and
ν = 0.2. Plain strain conditions are considered. Adhesive contact is considered along 75% of
the bottom surface (from x = 0 to x = 150L0) using the contact model described above with
r0 = 0.4 nm and AH = 10−19 J, (which are the values associated with gecko adhesion).

Classical finite element (FE) based contact formulations often lead to a dilemma: Either a highly
refined FE description is chosen, which is computationally expensive or a coarse description
is used, which is efficient but inaccurate and perhaps even unstable during computations. It
therefore becomes desirable to develop improved computational contact formulations for peeling
that are both accurate and efficient.

Such a formulation is proposed in Sauer (2011a). The approach is based on a local enrichment of
the contact surface such that the contact surface representation is more accurate than the bulk
representation. Therefore, a new class of enhanced surface elements for contact are developed.
The simplest of these is the so-called Q1C2 element which approximates the contact surface by a
quadratic interpolation while the bulk is approximated by a linear interpolation. This is achieved
by adding a surface node to the standard 4-node quadrilateral (the Q1 element). The shape
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functions of the Q1C2 element, expressed in the master configuration (Ωe = (|ξ| ≤ 1, |η| ≤ 1)),
thus are

N1 = 1
4(ξ2 − ξ)(1− η) ,

N2 = 1
4(ξ2 + ξ)(1− η) ,

N3 = 1
4(1 + ξ)(1 + η) ,

N4 = 1
4(1− ξ)(1 + η) ,

N5 = 1
2(1− ξ2)(1− η) ,

(62)

such that the displacement is approximated by

uhe =
5∑
I=1

NI uI . (63)

This element is combined with a standard Q1 formulation within the bulk, so that the interpo-
lation is linear in the bulk and quadratic on the surface. In the first element layer a transition
zone exists, (where the formulation is still quadratic, due to the influence of the surface nodes).
Formally this is written as

uh ∈ P1 in Bh ,
uh ∈ P2 on ∂cBh ,

(64)

where P1 denotes the space of continuous, piecewise linear functions (bilinear to be precise)
and P2 denotes the space of continuous, piecewise quadratic functions. The enriched 5-node
quadrilateral satisfies the compact support condition

Na(ξb, ηb) = δab , (65)

at the nodes, and the partition of unity

5∑
I=1

NI = 1 ∀ ξ, η . (66)

Since the element is linear in the bulk and quadratic on the contact surface, it is denoted as
Q1C2 in the following. With this notation a standard displacement based contact formulation
is a Q1C1 finite element formulation. Since each node has two dofs, the Q1C2 element has 10
dofs in total.

In principal, The Q1C2 element has the same contact accuracy as a fully quadratic finite element
contact description (e.g. see (Puso et al., 2008)), but is much more efficient. The new elements
are initially developed to improve peeling computations but they also show improved behavior
for sliding computations. The approach is quite simple, efficient and very effective.

The new enriched contact elements achieve a substantial improvement in peeling computations
compared to standard contact formulations. This is shown in Fig. 13, which reports the force-
displacement curve for the peeling example given in Fig. 12. Instead of an oscillatory result the
new elements smoothen the forces. Due to the reduction of the oscillations the computation
is much more robust. A detailed assessment of the increased accuracy of the new element
formulations is discussed in Sauer (2011a). This work also contains a surface enrichment based
on Hermite polynomials, the Q1CH element formulation, which constructs an approximation
that is continuous (C0) within the domain Bh, and continuously differentiable (C1) on the
contact surface ∂Bh, i.e.

uh ∈ C0 ∀x ∈ Bh ,

uh ∈ C1 ∀x ∈ ∂cBh .
(67)
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Figure 13: Peeling forces: force-displacement curve (left); oscillation in the force-displacement
curve (right) (Sauer, 2011a).

The C1QH formulation gives highly accurate results in peeling and contact sliding computations.
An extension of the enrichment strategy to 3D is also shown in Sauer (2011a). For very thin
films, the peeling kinematics can also be described accurately by non-linear rod formulations
(Sauer, 2011b), which provide an efficient alternative to solid formulations.

The enriched contact formulation is suitable to study the peeling behavior of complex, three-
dimensional structures like gecko spatula. The spatulae form the tips of the fine hairs that
coat the gecko toes and which are responsible for the adhesion mechanism used by the gecko.
They transfer the tensile forces between substrate and the gecko toes during adhesion. The
spatula consists of a cylindrical shaft connected to a very thin and flexible pad that can adapt
and adhere to the underlying substrate. The entire spatula is about 1000 nm long (see Sauer
(2009b) and Sauer and Holl (2012) for further geometrical details). Fig. 14 shows a finite element
computation of a gecko spatula adhering to a flat substrate. The angle between substrate and
spatula shaft is considered at 60◦. Due to symmetry, only half of the spatula is modeled.
Around 100 000 elements are used. The contact configuration shown in Fig. 14 has a zero
net contact force. Large deformations and high stresses occur inside the spatula pad at the
boundary of the contact zone. The coloring shows the distribution of the stress I1 = trσ. The
maximum adhesive stress appears at the underside of the pad and has a value of about 0.11E.
The material parameters used for this computation are E = 2 GPa, ν = 0.2, AH = 10−19 J and
r0 = 0.4nm, which results in γW = 25.3 according to eqs. (56) and (57). Further details of the
modeling and simulation of spatula adhesion are discussed in Sauer and Holl (2012).

6 Rough surface contact

Real surfaces are not perfectly flat but are characterized by various roughness levels on different
length scales, that affect the contact behavior like friction, adhesion, conductivity and wetting
(Persson et al., 2005; Persson, 2006).

The earliest approaches studying rough surface contact are based on elastic half-space theory
and use the analytical solutions of Boussinesq and Hertz (Timoshenko and Goodier, 1970).
In order to integrate the effect of multiple contact points, researchers have developed both
statistical and deterministic methods:

23



Figure 14: Finite element computation of the peeling of a single gecko spatula. (Sauer and Holl,
2012).

One of the first studies of rough surface contact is the seminal work of Greenwood and Williamson
(1966).11 The Greenwood-Williams (GW) model assumes that the surface roughness follows
from a known, e.g. Gaussian, distribution and assumes that all local contacts behave accord-
ing to Hertzian theory. The GW model has been extended to adhesive contact based on the
analytical JKR and DMT contact theories (Chang et al., 1988; Chowdhury and Ghosh, 1994).
Recently an extension to adhesion has also appeared by Persson (2001).12

The Greenwood-Williams model does not account for the actual position of local contacts nor
does it reflect the fractal nature of rough surfaces. Therefore a second approach, also based
on half-space theory, has appeared which considers the integration of the point load solution of
Boussinesq over the contact surface. Using a discrete surface representation, a relation between
contact displacement and pressure is obtained based on influence coefficients. This approach
has also been denoted as the matrix inversion method, see Lai and Cheng (1985), Webster and
Sayles (1986), Ren and Lee (1993), Tian and Bhushan (1996) and Karpenko and Akay (2001).
Deterministic roughness models together with linear elastic half-space theory have been also
been applied to frictional contact with adhesion (Carbone and Mangialardi, 2004).

The drawback of half-space methods is that they rely on several restricting assumptions. These
are: (1) simplified geometry, like that of spheres and half-spaces, (2) small deformation the-
ory and (3) linear material behavior. These assumptions can be suitable for stiff bodies. For
soft bodies, on the other hand, large contact deformations can occur, which requires the use
of non-linear kinematics, so that the approaches mentioned above cannot be used. Therefore
the framework of non-linear continuum mechanics in conjunction with finite element methods
offers an ideal framework to study rough surface contact and include the effects of friction and

11An earlier study appeared in the 40s by Zhuravlev; see Zhuravlev (2007).
12This approach was criticized by Borodich (2002).
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adhesion (Tworzydlo et al., 1998; Haraldsson and Wriggers, 2000). For van der Waals adhesion,
the continuum contact model outlined in Sec. 2 offers a suitable framework to study rough
surface contact. As an example, Fig. 15 shows the stress and deformation within a soft elastic
block in contact with a rough rigid surface. The surface roughness is described by asperities

Figure 15: Rough surface contact: surface roughness (top left); contact deformation and stress
of a soft elastic block pressed onto the surface (top right); bottom: force-displacement curve
considering strong adhesion (γW = 2) in contrast to weak adhesion (γW = 1000). Equivalently,
this corresponds to comparing a soft block with a stiff block for fixed adhesion strength. The
data is normalized by the asperity spacing R0 and the energy E0 = ER2

0.

that follow a Gaussian profile. The block is model by a Neo-Hookean material model with
initial Young’s modulus E, that is left unspecified, and Poisson’s ratio ν = 0.2. The coloring
shows the distribution of the vertical normal stress component σ33 which lies in the range of 0
to −1.4E. The load-displacement curve in Fig. 15 shows that the strength of adhesion, which
is represented by the parameter γW according to eq. (56), has a large effect on the contact
forces. A large difference also occurs for the local contact deformation and stress, similar as is
observed in Fig. 3 and 9.

It is known that increased roughness tends to cause an increase of the friction forces and a
decrease of the adhesion forces. In many cases however, the exact nature of these mechanisms
is not yet fully understood, especially for soft materials undergoing large contact deformations.
Further research is therefore needed to determine the precise effect of surface roughness on
adhesion and friction. Classical friction laws, like Coulomb’s law, require compressive contact
forces in order to provide frictional resistance, and are therefore not applicable to describe fric-
tion under adhesive, i.e. tensile, forces as they can be observed in lizard and insect adhesion
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(Autumn et al., 2006). So far, the following origins of friction have been identified:
(1) Atomic friction (Singer, 1994; Morita et al., 1996; Persson, 1999), which offers resistance to
the sliding of atomically flat surfaces but which tends to by very weak compared to roughness
induced friction.
(2) Internal hysteresis within contact bodies with dissipative material behavior. This occurs due
to the cyclic loading of bodies in sliding contact and is perceived as friction on the macroscale.
Internal hysteresis can be caused by viscosity, plasticity or damage, e.g. wear.
(3) Hysteresis within a contact lubricant. While viscous lubricants tend to reduce friction
through reducing the influence of internal hysteresis, they themselves dissipate energy on the
other hand.
(4) Hysteresis coming from the adhesion law. This part, however, is sometimes confused with
the second contribution. For instance if the Lennard-Jones potential is used to model adhesion,
then there is no hysteresis in the adhesion law. Only the combined effect with the material
behavior will result in hysteresis.

Another aspect is the scale transition of contact adhesion and friction. Van der Waals adhesion
for example has a range of a few nanometers. It therefore has a strong effect on very small
bodies that can come into close contact. For large bodies on the other hand, surface roughness
and contaminating surface particles often prevent intimate contact such that the effect of van
der Waals adhesion is lost at larger scales. The question thus arises, how to describe the ef-
fective contact behavior at a given length scale for given material and roughness parameters of
the neighboring bodies. While the traditional approach has been to use experimental models
at increasingly finer length scales, a new emerging paradigm is the use of homogenization or
coarse-graining methods that are based on underlying principles, like molecular or even quan-
tum mechanical modeling. For contact, such homogenization strategies have been considered by
Luan and Robbins (2006); Luan et al. (2006); Sauer and Li (2007b, 2008); Temizer and Wriggers
(2008); Wriggers and Reinelt (2009); Yang and Persson (2008); Temizer and Wriggers (2009).
The basic idea of contact homogenization is outlined in Fig. 16. Suppose we are interested in

Figure 16: Homogenization of the detailed nanometer scale contact behavior (left) into an
effective contact model at the micrometer scale (right).

finding the effective contact behavior at the micrometer scale based on the underlying behavior
of rough surface contact at the nanometer scale. If we are interested in the behavior of the global
problem then it becomes inefficient to model the fine details of the contact zone. Therefore an
effective model is sought, which yields the same (or similar) overall contact behavior as the
detailed model. In other words, we seek the effective contact potential φ∗ capable of providing
the same effective behavior for smooth contact surfaces as the original potential φ (1) does for
rough surfaces. This can be accomplished by simulating the contact behavior of a representative
volume element (RVE) and comparing it to the contact behavior of the effective model. In the
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case of frictional sliding contact, we may additionally seek an effective friction coefficient µ∗ for
smooth surfaces which captures the overall sliding behavior of the original rough surface, with
coefficient µ, accurately.

Rough surfaces also affect the contact behavior of liquids. A prominent example is the self-
cleaning mechanism of lotus leaves, which is caused by the complex surface microstructure
of the leaves (Barthlott and Neinhuis, 1997). Lotus surfaces are hydrophobic, so that water
does not coat the surface but rather forms small droplets which roll-off easily, even for a small
inclination of the surface. Foreign pollutants clinging to the surface, like dirt or germ particles,
adhere to passing water droplets and are thus swept away from the surface. This is possible
since the attractive forces between particles and surface are weaker than those between particles
and water. Otherwise the pollutant particles cannot be swept away by water droplets and the
surface loses its self-cleaning capability. Fig. 17 shows a hydrostatic finite element solution of
a liquid droplet in contact with a rough surface (Sauer and Osman, 2011). The local contact

Figure 17: Finite element solution of a liquid droplet in contact with a rough surface. The
contact angle at the three-phase boundary is considered at 180◦.

angle at the three phase boundary of water, solid and air, is considered to be equal to 180◦. In
this case the droplet sits on top of the asperities instead of wetting the grooves, a state knowing
as the Cassie-Baxter state of wetting. The considered droplet has a volume of 29.45 nl, which
corresponds to an spherical diameter of 3.83 mm. The asperity spacing is chosen as 0.383 mm.

7 Conclusion

This article gives an overview of the formulation, implementation, behavior and application of
small scale contact of soft bodies. Due to the high compliance, adhesional forces have a large
effect on the contact behavior of soft bodies. Adhesive contact of two bodies can be derived
from an interaction potential (see Sec. 2) which provides a very general model framework. The
model is expressed in two variants: the body force formulation (BF) and the surface force for-
mulation (SF). The BF formulation is the natural formulation that appears from a long-range,
particle-based interaction formulation as the Lennard-Jones potential. The SF formulation is
obtained from the projection of these body forces onto the surface, which is useful in order to
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increase numerical efficiency. Sec. 3 presents the 3D finite element equations for both adhesive
contact formulations. In both cases two versions are reported: a naive implementation, that
is simple, but not efficient and a highly efficient but more complicated implementation that
is based on a closest point projection and analytical integration. The contact algorithm used
for all methods is then summarized in Tab. 2. Depending on the ratio between the material
stiffness and the strength of adhesion, the contact behavior is fundamentally different: For stiff
bodies, the effect of adhesion is negligible and only compressive contact forces are observed. For
soft bodies, adhesion dominates contact and strong tensile contact forces are observed at the
boundary of the contact area. The effect of adhesion is illustrated by several numerical examples
in Sec. 4 and Sec. 6. The considered applications include carbon nanotube interaction, ad-
hesion of spheres, nanoindentation, gecko adhesion and self-cleaning surface mechanisms. The
separation of adhering soft bodies often leads to a peeling mechanism. These mechanisms can
pose a substantial computational challenge, as is shown in Sec. 5. Using an enriched surface
representation within the peeling zone allows the construction of efficient computational formu-
lations for peeling problems. The contact behavior of soft bodies, like adhesion and friction, is
strongly influenced by the surface microstructure. The precise nature of these influences is still
an open research topic. A useful tool for determining effective contact models from underlying,
fundamental principles, are contact homogenization methods, which are outlined in Sec. 6.

The author is currently working on the extension of some of the contact formulations presented
here. Among those are the extension of the enriched contact formulation presented in Sec. 5,
the development of efficient integration algorithms for dynamic contact adhesion problems, the
formulation of suitable friction laws for adhesive contact and the extension of the contact model
for liquid droplets. Further challenges in soft body contact lie in the fields of multifield prob-
lems, parameter identification and determination, inverse problems and also the constitutive
modeling of the soft materials themselves.
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